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Abstract 
The flexibility of bearing rings is very important to calculate the characteristics of rolling bearings in some rolling 
bearing applications such as planetary gear, rolling mill and aircraft. It may cause significant changes in dynamics 
characteristics, bearing deflections, contact stresses, and fatigue endurance, especially under heavy applied load, large 
size bearing, hollowed shaft and nonrigid bearing housing. 
The purpose in the work presented is to research a new approach and multibody model of bearing rings for MBS of 
mechanical system with rolling bearings. The flexibility and three-dimensional multibody model of bearing rings have 
been developed using equivalent rigid elements and curved Timoshenko beam elements. The simulation of the bearing 
rings vibration response will be presented. In addition to the presented multibody model, the FEM model and analytical 
model are also used to perform the vibration analyses of the bearing ring. An investigation of the actual static 
deformation field of the outer ring loaded by 5 balls has been carried out for the radial displacement field using the 
presented model. The total number of the discrete equivalent rigid elements and CTB elements has an important effect 
on the predicted frequencies, however the results will be minimal changes when the elements are achieved a certain 
number. In such situations, the presented approach can provide multibody rings model for contact dynamics of rolling 
bearings with acceptable accuracy and considerably less computational effort. The calculated radial static deformation 
is critical to load distribution, life fatigue and dynamics characteristics of rolling bearings. The three-dimensional 
multibody model of bearing rings developed here and the predicted frequencies agree well with the analytical results 
and FEM. 
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1. Introduction 
The classical analytical methods of rolling bearings are almost neglecting the bending, axial and radius 
extension deformations and vibrations of thin rings. The research on mechanics of rolling bearings and 
discussion of distribution of load among the bearing rolling elements pertains to bearings that almost have 
rigidly supported rings [1]. Such bearings are assumed to be supported in infinitely stiff (rigid) housings and 
on solid shafts of rigid material. The deflections considered in the determination of load distribution were 
contact deformations. This assumption is an excellent approximation for most bearing applications. 
However, the flexibility of bearing rings is very important to calculate the characteristics of rolling bearings 
in some rolling bearing applications such as planetary gear, rolling mill and aircraft. It may cause significant 
changes in bearing deflections, contact stresses, and fatigue endurance, especially under heavy applied load, 
large size bearings, high rotational speeds, hollowed shaft, nonrigid bearing housing, combined radial, axial, 
and moment loads. 
The outer ring of the bearing may be supported at one or two azimuth positions only, and the shaft on 
which the inner ring is positioned may be hollow. The condition of two-point outer-ring support occurs in 
the planet gear bearings of a planetary gear power transmission system, and was analyzed by Jones and 
Harris [2]. In certain rolling mill applications, the backup roll bearings may be supported at only one point 
on the outer ring or possibly at two points. These conditions were analyzed by Harris [3]. In certain high-
speed radial bearings, to prevent skidding it is desirable to preload the rolling elements by using an elliptical 
raceway, thus achieving essentially two-point ring loading under conditions of light applied load. The case 
of a flexible outer ring and an elliptical inner ring was investigated by Harris and Broschard [4]. A bearing 
ring model with flexibility had been developed by J.A. Wensing [5] and I Nakhimovski [6] using 
component mode synthesis. Liu Chunhao [7] calculated the analytical frequencies and measured the 
frequencies of bearing rings. In each of these applications, the outer ring must be considered flexible to 
achieve a correct analysis of rolling element loading. In many aircraft applications, to conserve weight the 
power transmission shafting is made hollow. In these cases, the inner-ring deflections will alter the load 
distribution from that considering only contact deformation. To determine the load distribution among the 
rolling elements when one or both of the bearing rings is flexible, it is necessary to determine the 
deflections of a ring loaded at various points around its periphery [1]. 
The FEM is without doubt the most powerful numerical method in the field of structural deformation. 
Although it is well suited for particularly high accuracy requirements, its very high computational effort for 
rolling bearings considering dynamic contact and flexibility of rings causes practical difficulties such as 
very long simulation times, Multibody System Dynamics (MBS) of mechanical system with ball bearings 
and fixed or coupled ring faces boundaries which is equivalent to rigid rings. The classical energy methods 
are usually applied to calculate the bending of thin rings, however they are difficult to simulate the MBS of 
mechanical systems with rolling bearings. In such situations, MBS can often efficiently model the contact 
dynamics of rolling bearings with acceptable accuracy and considerably less computational effort. The 
subject of contact dynamics and its applications in multibody systems with rolling bearings had not been 
developed until the last couple of decades. The purpose in the work presented is to research a new approach 
and multibody model of bearing rings for MBS of mechanical system with rolling bearings. A new model 
IRUULQJ¶VPRWLRQDQGVWUXFtural deformation described by equivalent rigid elements and curved Timoshenko 
beam (CTB) elements will be detailed. 
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2. Equations of motion 
2.1. Stiffness matrix of connecting elements 
The bearing rings are circular, constant section, doubly symmetric and equivalent radius. Therefore, 
the in-plane and out-of-plane vibrations are uncoupled and independent respectively. The curved 
Timoshenko beam (CTB) theory can be applied to study accurate vibrations and stiffness matrix of bearing 
rings. The curved beam theory is used extensively in structures of Construction Engineering and Bridge 
Engineering. For the finite element methods, Davis et al [8,9]. have derived the element stiffness and mass 
matrices for the out-of-plane coupled bending and torsional vibration of curved Timoshenko beams from 
the force/moment-displacement relations and kinetic energy equations, respectively. Palaninathan and 
Chandrasekharan [10] have derived the element stiffness matrix for a three-dimensional curved 
Timoshenko beam using the Castigliano¶V WKHRUHP ,Q WKH VDPH \HDU by neglecting the effect of shear 
deformation, Lebeck and Knowlton [11] also developed an element stiffness matrix for the three-
dimensional curved beam using the ring theory. J.S Wu and L.K Chiang [12,13] determined the in-plane 
and out-plane vibration responses of a circular curved Timoshenko beam using the curved beam elements. 
By taking account of the effect of shear deformation and that of rotary inertias due to bending and torsional 
vibrations, the stiffness matrix and the mass matrix of the curved beam element were obtained from the 
force-displacement relations and the kinetic energy equations, respectively. 
In this section, we directly calculate the stiffness matrix of a circular curved Timoshenko beam for 
connecting elements by taking account of the effect of shear deformation and that of rotary inertias based 
on Davis, Lebeck, J.6:X¶s researches. Then, the constant stiffness matrix and lumped-mass matrix are got 
respectively by the written user routines. 
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Fig.1. Equivalent model of rings                  Fig.2. The three-dimensional recursion model of rings 
On basis of the Rigid Finite Element Method [14], the bearing ring¶s equivalent model is established 
by noe numbers of discrete equivalent rigid elements and curved Timoshenko beam (CTB) elements 
depicted in Fig.1. The equivalent rigid element is part of the rigid bearing ring, which has mass, inertias and 
geometric properties. The consecutive rigid elements 1oei and oei are connected by a CTBi element. The 
rings of rolling bearings have both in-plane and out-plane vibrations under operate conditions. In order to 
describe the motions and structural deformations of bearing rings, the equivalent rigid elements¶ body 
coordinate system oe oe oe oeo x y z  is selected as local polar coordinate system and the bearing ring¶s body 
coordinate system o o o oo x y z is selected as global coordinate system. 
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A three-dimensional CTBi element is depicted in references [12,13]. In Fig.2, oM  is circumferential 
angle, on on on on
i i i io x y z  and ^ `Ton on on on on on oni i i i i i iu v w I \ T q are node coordinate system and node 
coordinates, which are equivalent to oe oe oe oeo x y z and ^ `To o o o o o oi i i i i i iu v w I \ T q  body coordinate 
system and absolute coordinates of rigid elements. onD  is constant included angle of CTB
i element and 
1 o
on o o oe360
i i nD M M    , oen  is the total number of rigid elements. Therefore, the constant stiffness 
matrix is given directly as follow: 
in in in 1( ) K D B , 
out out out 1( ) K D B                                                                                                  (1) 
where inK  and outK  are in-plane and out-plane stiffness matrix of CTBi element, which are constant matrix 
decided by the geometric parameters, constant included angle, material property. inD , inB , outD  and outB  
are detailed in the references [12,13]. 
2.2. Dynamics model of bearing rings 
In the Fig.2, the nodes Ni-1, Ni and Ni+1 are the body coordinate system origin of the equivalent rigid 
elements oei-1, oei and oei+1 respectively. 1o
ir , o
ir  are the displacements of the nodes Ni-1 and Ni in the 
global coordinate system. Therefore, the consecutive rigid elements 1oei and oei are connected by a matrix 
force element which is calculated with curved Timoshenko beam theory in Eq.(2): 
( 1) ( 1) ( 1) ( 1) ( 1)
o o o o
i i i i i i i i i i      oF K q C q                                                                                                        (2) 
where ^ ` ^ `T T( 1) 1 ( 1) ( 1)o o o o oi i i i i i i iq q   c c    q s Ĭ  is relative coordinates, ^ `( 1) ( 1) ( 1) ( 1)o o o o Ti i i i i i i iu v w   c  s  and 
^ `( 1) ( 1) ( 1) ( 1)o o o o Ti i i i i i i iI \ T   c  Ĭ  are the relative translate and rotate coordinates of rigid elements. 
^ `To o o o o o oi i i i i i iu v w I \ T q are absolute coordinates of rigid elements. ( 1)i ioF  is six dimensional matrix 
force for consecutive rigid elements, ( 1)o
i iK  is stiffness matrix calculated by Eq.(1) and ( 1)o
i iC  is damping 
matrix. oe1,2,...,i n ˈ oen  is the total number of rigid elements. 
The displacement of Ni or rigid element oei  is  
1 ( 1) 1 ( 1) 0 ( 1)
o o 1 o o 1 o o( )
i i i i i i i i i
i i
    
  c c    r r A q r A s s                                                                                  (3) 
where o
ir  and 1o
ir  are the displacements of node Ni and Ni-1 in the global coordinate system. 1iA  is 
direction transformation matrix of the body coordinate system of rigid element 1oei . 
Define the total displacement of node Ni in the coordinate system of node Ni-1 as 
( 1) ( 1) 0 ( 1)
o o o
i i i i i i  c c c d s s                                                                                                                         (4) 
where ( 1) 0o
i ics  is the initial displacement of node Ni in when the CTBi element doesn¶t change. 
Translate the displacement of node Ni in the global coordinate system to the body coordinate system of 
rigid element oei  by Eq.(5). 
o o
i i
i c r A r                                                                                                                                               (5) 
where o
icr  is the displacement of node Ni in the body coordinate system of rigid element oei , iA  is 
direction transformation matrix of the body coordinate system of rigid element oei . 
The angular velocity of node Ni in the body coordinate system of rigid element oei  is 
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T 1 T ( 1)
o ( 1) o ( 1) ( 1) o
i i i i
i i i i i i
 
  c c c c Ȧ A Ȧ A H Ĭ                                                                                                     (6) 
where T( 1) ( 1)i i i i  A A A  is the relative direction transformation matrix of the body coordinate system of rigid 
element 1oei  and oei . 
( 1)
( 1) ( 1) ( 1) ( 1)
( 1) ( 1) ( 1)
1 0 sin( )
0 cos( ) sin( ) cos( )
0 sin( ) cos( ) cos( )
i i
i i i i i i i i
i i i i i i
\
T T \
T T \

   
  
ª º
« »c  « »
« »¬ ¼
H is relative rotate axis matrix. 
Taking a variation of Eq.(3) with i i i A AȦ  yields 
1 ( 1) 1 ( 1)
o ( 1) o ( 1) o o ( 1) o
i i i i i i i
i i i i
   
  c c c c  A r A r A d Ȧ A s                                                                                    (7) 
Premultiplying TiA  to Eq.(7) both sides yields 
T 1 T ( 1) 1 T ( 1)
o ( 1) o ( 1) o o ( 1) o
i i i i i i i
i i i i i i
   
  c c c c  r A r A d Ȧ A s                                                                                      (8) 
Combining Eqs.(6) and (8) yields the following recursive velocity equation for a pair of contiguous 
elements: 
( 1) 1 ( 1) ( 1)
o oa o or o
i i i i i i i i    Y B Y B q                                                                                                                  (9) 
where 
T T ( 1)
( 1) ( 1) o( 1)
oa T
( 1)0
i i
i i i ii i
i i

 

ª º
 « »
« »¬ ¼
A A s
B
A
,
T
( 1)( 1)
or T
( 1) ( 1)
i ii i
i i i i

 
ª º
 « »c« »¬ ¼
A
B
A H
                                                                       (10) 
^ `To o oi i ic c Y r Ȧ  and ( 1)oi iq  are the relative and absolute velocities. Eq.(10) is only the function of the 
relative coordinate ( 1)o
i iq . 
Given the number of rigid elements noe=m, the recursive velocity equation for rigid element m is 
1
( )(- 1) 1 ( )(- 1) ( 1) ( 1) ( 1) ( 1)
o oa o oa or o or o
1 11
mm m i
m k m k m k k m k m i i i i m m m m
k ki
 
            
   
­ ½ª º  ® ¾« »¬ ¼¯ ¿
¦3 3Y B Y B B q B q                                        (11) 
The recursive velocity equation for the total equivalent rigid elements of bearing ring is  
o o o Y Ǻ q                                                                                                                                              (12) 
where ^ `T1o 0 o o... m Y Y Y Y , ^ `T01 ( 1)o 0 o o... m m q Y q q , oǺ  is the collection of coefficients of ( 1)oi iq . 
The motion equations of bearing ring will be calculated using Lagrange formulation, the details will be 
ignored due to limited space.  
o o o o o o   oM q C q K q F                                                                                                                       (13) 
then we get undamped eigenvalues equations as 
2
o o K u Ȧ M u                                                                                                                                       (14) 
where oM , oK  and oC  are the mass, stiffness and damping matrix of bearing ring. oF  is generalized loads 
(forces), ^ `T01 02 ( 1) ( 1)o o o o o... i i m mq q q q  q  is generalized coordinate vector. 
3. Example of a bearing outer ring 
For the present investigation, a simulation model of a ball EHDULQJ¶s outer ring has been developed. 
The dynamics and vibration responses were solved using the HHT integration method [15]. The outer ring 
of a 6012 deep groove ball bearing is taken. The bearing material is steel. The geometrical properties of a 
DGBB 6012 and the outer dimensions of the ring are defined according to ISO standards (see also SKF's 
General Catalogue). The internal geometry is chosen by the ball bearing manufacturer and is of a 
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competitive nature. In addition to the curved Timoshenko beam element and the lumped-mass model, the 
FEM model and analytical model were also used to perform the vibration analyses of the bearing ring. It is 
believed that good agreements between the results obtained from different methods and different models 
will also be the reasonable evidence for the availability of the presented approach. 
The FEM model for vibration responses is established and solved using ANSYS software. The 
analytical model for the three-dimensional circular curved bearing ring is applied to calculate the natural 
frequencies of the in-plane vibrations using the ring theory [16] in Eq.(15).  
 
 
22 2
1 4 2
11
2 1
a
n
n n EI
f
AR nS U

 

                                                                                                               (15) 
where 2 ( 1) 2n Zd d  , E  is elastic modulus, U  is density, A  is cross sectional area, aI  is polar 
moment of inertia, R  is equivalent radius. 
Table.1. Frequencies of outer ring of ball bearing (unit/Hz) 
Frequencies fr1 fr2 fr3 fa1 fa2 
MBS model 1351 3763 7059 2694 7815 
FEM model 1342 3786 7218 2641 8065 
Analytical model 1340 3774 7246 ²² ²² 
Errors (%) 0.82 -0.31 -2.58 ²² ²² 
                               
(a) Outer ring¶s model   (b) The radial first order fr1    (c) The axial first order fa1  Fig.4. relative errors of frequencies 
                          
(d) The radial second order fr2  (e) axial second order fa2  (f) radial third order fr3                 Fig.5. Static load model 
Fig.3. Normal modes of outer ring 
ox
oy
o
rF
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Because of symmetry, the first five natural frequencies of the outer ring are accompanied by five 
similar normal modes, which can only be distinguished by a phase shift in the spatial domain. As a result, 
the natural vibrations of the outer ring can be described by any linear combination of the five modes. The 
natural frequencies of bearing outer ring are calculated using different methods depicted in Table.1 and 
Fig.3. The presented model is discreted to 30 equivalent rigid elements and curved Timoshenko beam (CTB) 
elements and 180 generalised DOF. The max relative error of the radial natural frequencies is the radial 
third order frequency fr3=7059.5Hz. The predicted frequencies using a simulation model and the new 
approach agree reasonably well with the analytical results and FEM results. The relative errors of the free 
radial vibration frequencies compared the presented model to analytical model using different rigid 
elements noe is depicted in Fig.4. The total number of the discrete equivalent rigid elements and CTB 
elements has an important effect on the predicted frequencies, however the results will be minimal changes 
when the elements achieve a certain number. 
In case of a bearing outer ring, the presented model is not only determined by the ability of the discrete 
elements and generalised DOF to describe the dynamic behaviour, but also by the ability to describe the 
static solution. Obviously, the static deformation depends on the interface loads applied by the rolling 
elements. To incorporate the static deformation caused by the passing rolling elements, an investigation of 
the actual static deformation field of the outer ring loaded by 5 balls has been carried out for the radial 
displacement field using the presented model. The ring is loaded with 5 equally loads at the centre of the 
raceway (contact angle is zero) and a radial load Fr=1000N depicted in Fig.5 and 6. The axial and 
tangential displacements of the loaded rigid elements are suppressed to obtain a statically determined 
structure. Consequently, radial static deformations field of a DGBB 6012 outer ring are calculated and 
depicted in Fig.7. The max radial static deformation is 0.721mm and critical to load distribution, bearing 
life fatigue and dynamics characteristics. The bearing ring isn¶t circular under heavy applied load or large-
scale bearing considering its the flexibility. 
                        
 
Fig.6. Static contact load applied to outer ring raceway                Fig.7. Static deformation of ball bearing outer ring 
4. Conclusions 
The flexibility and three-dimensional multibody model of bearing rings have been developed using 
equivalent rigid elements and curved Timoshenko beam elements. The simulation of the vibration response 
and static deformations of bearing rings have been carried out. The total number of the discrete equivalent 
rigid elements and CTB elements has an important effect on the predicted frequencies, however the results 
will be minimal changes when the elements achieve a certain number. In such situations, the presented 
approach can provide multibody rings model for contact dynamics of rolling bearings with acceptable 
accuracy and considerably less computational effort. The calculated radial static deformation is critical to 
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load distribution, life fatigue and dynamics characteristics of rolling bearings. The bearing ring isn¶t 
circular under heavy applied load or large-scale bearing considering its the flexibility. It is believed that 
good agreements between the results obtained from different methods and different models will also be the 
reasonable evidence for the availability of the presented approach.  
The presented method and the multibody model are general and available to research the deflections 
and dynamics characteristics of rollling bearings, as long as the corresponding multibody model can be 
accurately constructed for rolling bearings. The consideration of multibody contact dynamics between 
rolling elements and rings¶ raceway and MBS of mechanical systems with rolling bearings in the simulation 
study makes necessary a more detailed analysis in future models and studies. 
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